A Banach-Steinhaus theorem for sets of continuous linear mappings on topological modules which are Baire spaces is proved, and some consequences of it are derived.
Introduction
The Banach-Steinhaus theorem, whose first version was established in the fundamental paper [2] (see also [3] ), is one of the central principles of Functional Analysis. Since the publication of that work, various authors have been discussing the validity of the Banach-Steinhaus theorem in different contexts and under suitable hypotheses, either in the linear case [4, 7, 10, 11, 14, 15, 16, 17, 18, 19, 20, 21] or in the multilinear case [6, 9] . A common property valid in all the works just mentioned is that the origin of the base unitary topological ring R under consideration is an adherent point of the multiplicative group R X of invertible elements of R; and, moreover, this fact plays an important role in the proofs of the various versions of the theorem.
The purpose of this note is to prove a Banach-Steinhaus theorem in the framework of topological modules over certain unitary topological rings R which holds, in particular, if 0 ∈ R X , although such condition is not assumed to be satisfied. In addition, applications of our result are presented.
Throughout this note R will denote a metrizable topological ring with a non-zero identity element and all topological R-modules under consideration will be unitary left topological R-modules. Given two topological R-modules E and F , L(E; F ) will denote the additive group of all continuous R-linear mappings from E into F , which is a unitary R-module when R is commutative. A subset X of L(E; F ) is said to be pointwise bounded if the set X(x) = {u(x); u ∈ X} is bounded in F for all x ∈ E.
The main result and applications
Our main result reads as follows:
Theorem 1. Let E, F be two topological R-modules such that E is a Baire space and the product of any neighborhood of 0 in R by any neighborhood of 0 in E is a neighborhood of 0 in E. If X is a pointwise bounded subset of L(E; F ), then X is equicontinuous.
Proof. Let (W n ) n∈N be a countable fundamental system of neighborhoods of 0 in R, and let V be an arbitrary neighborhood 0 in F . Let V 1 be a closed neighborhood of 0 in F such that V 1 − V 1 ⊂ V and, for each n ∈ N, put
We claim that E = n∈N G n . In fact, let x ∈ E be arbitrary. Since X(x) is bounded, there exists a neighborhood W of 0 in R such that W X(x) ⊂ V 1 . On the other hand, there is an m ∈ N so that W m ⊂ W , and hence
Now, we claim that G n is closed in E for all n ∈ N. Indeed, let n ∈ N be fixed and u ∈ X be arbitrary, and let us show that the set
n converging to an element x ∈ E. We have to show that x ∈ G (u) n . But, for any λ ∈ W n , we have that u(λx i ) = λu(x i ) ∈ V 1 for all i ∈ I and, moreover, (λx i ) i∈I converges to λx. By the continuity of u and the closedness of V 1 , we conclude that λu(x) ∈ V 1 ; thus
Since E is a Baire space, there exists an m ∈ N so that int(G m ) = ∅, and hence there is a non-empty open subset A of E such that A ⊂ G m . Therefore, if y ∈ A, U = A + (−A) is an open subset of E containing 0 = y + (−y) and
Finally, by hypothesis, W m U is a neighborhood of 0 in E, and therefore X is equicontinuous.
Remark 2. Suppose that 0 ∈ R X , where R X is the multiplicative group of all invertible elements of R. Then the condition concerning product of neighborhoods of 0, which occurs in Theorem 1 and all the other results of this note (except Lemma 8), is always true. In fact, let E be an arbitrary topological R-module, W a neighborhood of 0 in R and U a neighborhood of 0 in E. Since 0 ∈ R X , there is a λ ∈ R X ∩ W . Thus W U is a neighborhood of 0 in E because W U ⊃ λU and λU is a neighborhood of 0 in E ( [21] , Theorem 12.4 (1)).
Remark 3.
If E is a topological R-module such that the product of any neighborhood of 0 in R by any neighborhood of 0 in E is a neighborhood of 0 in E, then the same holds for the quotient topological R-module E/M , where M is an arbitrary submodule of E. In fact, if π : E → E/M is the canonical surjection, W is a neighborhood of 0 in R and U is a neighborhood of 0 in E, then W π(U )(= π(W U )) is a neighborhood of 0 in E/M .
In particular, if E is metrizable and complete and M is closed, then E/M is a metrizable complete topological R-module for which the above-mentioned property is valid.
Example 4. Let S be a discrete valuation ring ([1], 1.4); then 0 / ∈ S X . For each integer n ≥ 1 consider the S-module S n endowed with the product topology, which makes S n a metrizable linearly topologized S-module (which is complete if S is complete). Then the condition about product of neighborhoods of 0 is satisfied by S n . This follows from the observation that if M is the maximal ideal of S and m, m 1 , . . . , m n are arbitrary integers ≥ 1, then
Corollary 5. Let E and F be as in Theorem 1, with F separated. Let (u i ) i∈I be a pointwise bounded net in L(E; F ), pointwise convergent to a mapping u : E → F . Then u ∈ L(E; F ). In particular, if (u n ) n∈N is a sequence in L(E; F ), pointwise convergent to a mapping u : E → F , then u ∈ L(E; F ).
Proof. Obviously, u is an R-linear mapping. Put X = {u i ; i ∈ I}. By Theorem 1, X is equicontinuous, and hence u ∈ L(E; F ).
Corollary 6. Let E and F be as in Theorem 1. Then, for any subset X of L(E; F ), the following conditions are equivalent:
(a) X is equicontinuous; Assume that R is commutative. Let E, F be two arbitrary topological R-modules and M a set of bounded subsets of E. Since every element of L(E; F ) transforms bounded sets into bounded sets, it follows from Lemma 1 of [4] that (L(E; F ), τ M ) is a topological R-module, where τ M is the topology of M-convergence on L(E; F ).
Before stating another application of Theorem 1 let us recall that a topological R-module F is quasi-complete if every bounded and closed subset of F is complete.
Corollary 7.
Assume that R is commutative. Let E be as in Theorem 1 and M a covering of E by bounded subsets of E. If F is a separated quasi-complete topological R-module, then (L(E; F ), τ M ) is a separated quasicomplete topological R-module. In particular, (L(E; F ), τ s ), (L(E; F ), τ 0 ) and (L(E; F ), τ b ) are separated quasi-complete topological R-modules, where τ s (resp. τ 0 , τ b ) is the R-module topology of pointwise (resp. compact, bounded) convergence on L(E; F ).
In order to prove Corollary 7 we shall need a result whose proof is analogous to that of Lemma 18 of [9] . Lemma 8. Assume that R is commutative. Let E be an arbitrary topological R-module and M a covering of E by bounded subsets of E, and let F be a separated quasi-complete topological R-module. If X is an equicontinuous subset of
Now, let us turn to the Proof of Corollary 7. First, τ M is separated because M is a covering of E and F is separated. Let X be an arbitrary bounded and closed subset of (L(E; F ), τ M ). Then X is pointwise bounded since M is a covering of E, and Theorem 1 ensures the equicontinuity of X. Therefore, by Lemma 8, X is complete in (L(E; F ), τ M ), and the proof is concluded.
Proposition 9. Assume that R is commutative. Let E, F be two metrizable topological R-modules, with E complete, such that product of any neighborhood of 0 in R by any neighborhood of 0 in E (resp. F ) is a neighborhood of 0 in E (resp. F ), and let G be an arbitrary topological R-module. If X is a set of R-bilinear mappings from E × F into G such that, for each x ∈ E, the set {y ∈ F → u(x, y) ∈ G; u ∈ X} is equicontinuous and, for each y ∈ F and for each u ∈ X, the mapping x ∈ E → u(x, y) ∈ G is continuous, then X is equicontinuous. In particular, every separately equicontinuous set of R-bilinear mappings from E × F into G is equicontinuous.
Proof. We shall argue as in the classical case ( [8] , pp. 28-30; [12] , pp. 58-60). By the theorem proved in [5] , it suffices to establish the equicontinuity of X at (0, 0). Let ((x n , y n )) n∈N be an arbitrary null sequence in E × F and consider the set Y = {x ∈ E → u(x, y n ) ∈ G; n ∈ N, u ∈ X} of continuous R-linear mappings from E into G. We claim that Y is equicontinuous. By Theorem 1, it is enough to show that Y is pointwise bounded. So let x ∈ E be given and consider the equicontinuous set Z = {y ∈ F → u(x, y) ∈ G; u ∈ X} of R-linear mappings from F into G. Since (y n ) n∈N is a null sequence in F , the set {y n ; n ∈ N} is bounded in F , and the equicontinuity of Z implies the boundedness of Y(x). Therefore, if V is an arbitrary neighborhood of 0 in G, there exists a neighborhood U of 0 in E such that Y(U ) ⊂ V . Consequently, since x n ∈ U for n bigger than a certain m ∈ N, we conclude that u(x n , y n ) ∈ V for n > m and u ∈ X. We have just proved that, for each null sequence (x n , y n ) n∈N in E × F , the sequence u(x n , y n ) n∈N converges uniformly to 0 for u ∈ X. Thus, by (4), p. 172 of [13] , X is equicontinuous at (0, 0), which concludes the proof.
